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This note presents a general theorem about the cohomology of finite di-
mensional Lie algebras of arbitrary characteristic. As an application we
compute the cohomology of the Borel subalgebra of sl(N).
1 A basic theorem
Suppose that g is a finite dimensional Lie algebra over a field k, which may be
of any characteristic, and that M is a finite dimensional g module. We will
call an element σ ∈ g ad-semisimple (adss) if it acts semisimply both on g and
on M . (Note that unless g itself is semisimple, an element whose adjoint on
g is semisimple need not act in a semisimple way on every finite dimensional
representation.) Suppose now that k contains all the eigenvalues of adσ, so that
both g and M decompose into a direct sum of eigenspaces. If gλ, gµ,Mν are
respective eigenspaces for eigenvalues λ, µ, ν then [gλ, gµ] ⊂ gλ+µ, [gλ,Mν ] ⊂
Mλ+ν , so σ induces a grading on both g and M with values in the additive
group of k. If either M = g, or M = k considered as a trivial g module, then
σ ∈ g is already adss if it is so on g, in the first case by definition and in the
second because the operation is identically zero for all elements of g. Also, the
adss element σ used to define the grading is always homogeneous of degree zero
in the grading which it defines since [σ, σ] = 0, as are the elements of k when
M = k.
The grading induced by an adss element extends to the cohomology of g with
coefficients in M . Recall that the latter may be defined, using the Chevalley-
Eilenberg complex, as follows. Suppose that g is a Lie algebra over an arbitrary
commutative unital ring k and that M is a g module. An n-cochain of g with
coefficients in M is a linear map Fn :
∧n
g → M . Denote the k-module of
these n-cochains by Cn(g,M) or simply Cn. Then the coboundary mapping
∗The author wishes to thank V. Coll for helpful remarks during the preparation of this
paper.
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δ : Cn → Cn+1 is given by
(δF )(a0, a1, . . . , an) =
∑
0≤i≤n
(−1)i[ai, F (. . . , aˆi, . . . )] +
∑
0≤i<j≤n
(−1)i+jF ([ai, aj ], . . . , aˆi, . . . , aˆj , . . . )
where aˆ indicates omission of the argument a. One has δδ = 0 so one defines,
as usual, the k-modules of n-cocycles Zn = Zn(g,M), n-coboundaries Bn =
Bn(g,M) and the nth cohomology group Hn = Hn(g,M) = Zn/Bn. Here
C0(g,M) is just M and H0(g,M) = Z0(g,M) =Mg, the set of all m ∈M such
that [a,m] = 0 for all a ∈ g, so H0(g, k) = k.
It will be useful to rearrange the terms on the right in the coboundary
formula by taking first all those in which ada0 appears as an operator on M or
on g. Denoting by ιa0·F the n−1-cochain defined by setting ιa0·F (a1, . . . , an−1 =
F (ai0 , a1, . . . , an−1), the coboundary then takes the form
(δF )(a0, a1, . . . , an) =
[a0, F (a1, . . . , an)] +
∑
1≤i≤n
(−1)iF ([a0, ai], a1, . . . , aˆi, . . . , an)
− (δ(ιa0· F ))(a1, . . . , an). (1)
This permits a recursive definition with which it is easy to prove exactness, cf.
e.g. [1].
Return now to the case where g, M are finite dimensional over a field k
containing the eigenvalues of the adjoint of an adss element σ. The space of n-
cochains Cn(g,M) then also acquires a grading: Define F ∈ Cn to have degree
r if ai ∈ gλi , i = 1, . . . , n implies F (a1, . . . , an) ∈ MΣλi+r. Every n-cochain
is then the sum of its homogeneous parts. Moreover, the grading induced by
an adss element is preserved by the coboundary operator. That is, if F ∈ Cn
is homogeneous of degree r then so is δF . The complex therefore decomposes
into a direct sum of subcomplexes each consisting of the cochains of a fixed
degree, so the cohomology H∗(g,M) likewise decomposes into the sum of its
homogeneous parts. This depends, of course, on the choice of σ. Nevertheless,
with these notations, one has the following
Theorem 1 Let g be a finite dimensional Lie algebra over a field k and M be
a finite dimensional g module. Suppose that σ is an adss element of g, that k
contains the eigenvalues of adσ, and that F is an n-cocycle in Cn(g,M) which
is homogeneous of degree r with respect to the grading induced by σ.
1. If r 6= 0 then F is a coboundary.
2. If r = 0 and n ≥ 1 then the n− 1 cochain ισ · F is again a cocycle.
Proof. Suppose that ai, i = 1, . . . n are homogeneous elements of degrees
λi, i = 1, . . . , n respectively. Taking a0 to be the adss element σ, note that
F ([a0, ai], a1, . . . , aˆi, . . . , an) = λiF (ai, a1, . . . , aˆi, . . . , an),
2
so (−1)iF ([a0, ai], a1, . . . , aˆi, . . . , an) is just −λiF (a1, . . . , an). Therefore,
∑
1≤i≤n
(−1)iF ([a0, ai], a1, . . . , aˆi, . . . , an) = −
∑
1≤i≤n
λiF (a1, . . . an).
Since F is homogeneous of degree r, its coboundary collapses to
(δF )(a0, a1, . . . an) = rF (a1, . . . , an)− (δ(ιa0· F ))(a1, . . . , an).
By hypothesis the left side is zero, so if r 6= 0 this shows that F = (δ(ιa0·
r−1F ))(a1, . . . , an), a coboundary, while if r = 0 then it shows that ισ · F is a
cocycle.✷
Corollary 1 Every cocycle is cohomologous to its homogeneous part of degree
zero; therefore, Hn(g,M) is identical with its homogeneous part of degree zero
for every n. ✷
When F is a homogeneous 1-cochain Theorem 1 asserts that ισ ·F = F (σ)
is in Mg.
When there are several commuting adss elements whose adjoints have eigen-
values in k then the eigenspaces of the adjoint of any one are invariant under
the operations of the others. The decomposition of the cohomology can then be
further refined into a direct sum of parts which are homogeneous with respect
to all the commuting adss elements. This multigrading can be represented, as
usual, by a linear function from the space V spanned over k by the adss ele-
ments to k, i.e., by an element of V ∗. The multidegree of an element is then
just the element of V ∗ which it defines. Every cocycle is then cohomologous
to the part which is of homogeneous of degree zero simultaneously with respect
to all the gradings induced by the elements, i.e., for which the corresponding
element of V ∗ is zero. Choosing a basis for V , it is convenient to represent the
mulltidegree by a “degree vector” whose components are the degrees relative to
the respective elements of the basis. One then has
Corollary 2 If F is an n-cocycle and σ1, . . . , σr are commuting adss elements
then ισr ισr−1 · · · ισ1F is an n− r-cocycle. ✷
2 Cohomology of the Borel subalgebra
As a particulary simple application (in the case whereM = k) we show how the
theorem can be used to compute the cohomology of the the Borel subalgebra b
of sl(N, k), i.e., the subalgebra consisting of all upper triangular matrices. The
Cartan subalgebra h of diagonal matrices (of trace zero) is then a commutative
subalgebra of adss elements and the eij , i < j are simultaneous eigenvectors,
with their eigenvalues lying in k. Exactly the same result, namely that the
cohomology of b is the exterior algebra on h, holds for all the simple algebras,
and can be proved similarly, except that we have not examined for the others
the appropriate constraint on the characteristic. For characteristic zero, the
result is a special case of a theorem of Kostant cf [2].
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Theorem 2 Let b be the Borel subalgebra of sl(N, k) and h be the Cartan sub-
algebra. If the characteristic p of k is zero or greater than N then Hn(b, k) =
(
∧n
h)∗ for all n.
Proof. Since the coefficient module is k and therefore homogeneous of degree
zero, it is sufficient to show that if F is a homogeneous n-cocycle of degree zero
then it must vanish when any argument is an eij with i < j. As basis for h take
the matrices hi = eii − ei+1,i+1, i = 1, . . . , N − 1 and suppose at first that the
characteristic is zero. The degree vectors for the simple roots
e12, e23, . . . , eN−2,N−1, eN−1,N
are then, respectively
(2,−1, 0, . . . , 0), (−1, 2,−1, 0, . . . , 0), . . . , (0, . . . , 0,−1, 2,−1), (0, . . . , 0,−1, 2).
The others are obtained as sums of these; that for eij is the sum of those for
ei,i+1, ei+1,i+2, . . . , ej−1,j . Note that the sum of the entries in the degree vector
for a simple root ei,i+1 vanishes except for e12 and eN−1,N ; in these cases it is +1.
Suppose now that F is not zero when evaluated at some n-tuple of homogeneous
elements. The homogeneous elements are either elements of h or multiples of
the eij with i < j. There can be no repetitions since F is alternating. If any
of the eij , i < j appear then the sum of their degree vectors must be the zero
vector, else F would not be of degree zero. This is impossible if any e1j or eiN
appears. By stripping the first and last entry from each degree vector one is
then effectively reduced to the case of dimension N − 2, proving the proposition
in characteristic zero. For characteristic p > 0, it is easy to check that no entry
in a sum of degree vectors for roots of the form e1j and eiN can exceed N in
absolute value, so the argument continues to hold as long as p > N . ✷
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